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Abstract

Nonnegative matrix factorization (NMF) is widely used in community
discovery because of its effectiveness and easy interpretability. However,
most of the existing NMF-based community detection methods are linear.
They cannot effectively deal with the nonlinear characteristics of complex
networks, resulting in further improvement in community detection per-
formance. Aiming at this problem, a convolution graph network (GCN)
enhanced nonlinear NMF community discovery method NMFGCN is
proposed. NMFGCN consists of two main modules: GCN and NMF,
where GCN is used to learn network node representations, and NMF
uses node representations as input to obtain network community rep-
resentations. In addition, a joint optimization method is proposed to
train NMFGCN, which enables NMFGCN to have nonlinear feature rep-
resentation capabilities and enables GCN and NMF to promote each
other and obtain better community segmentation results. Many exper-
iments on artificial synthetic networks and entire networks show that
NMFGCN is superior to current NMF-based community discovery meth-
ods, thus proving that NMFGCN can improve the performance of NMF
community discovery methods. In addition, NMFGCN also outperforms
Deep Walk and LINE standard graph representation learning methods.
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1 Introduction

Community detection[1] is a fundamental problem in network analysis that
involves identifying groups of nodes in a network that are densely connected
to each other and sparsely connected to nodes in other groups. Communities
can be defined as subsets of nodes that have a higher density of edges within
the subset compared to the density of edges between the subset and the rest
of the network [2].

Community detection has a wide range of applications[3] in various fields,
including social network analysis, biology, physics, and computer science. For
example, in social network analysis, community detection can be used to
identify groups of users with similar interests or behaviors, while in biology,
community detection can be used to identify groups of proteins that interact
with each other and perform similar functions.

There are several algorithms[4] and techniques used in community detec-
tion, including modularity-based methods, spectral clustering, and hierarchical
clustering. Modularity-based methods aim to maximize a quality function
known as modularity, which measures the degree of community structure
in a network. Spectral clustering is a technique that involves partitioning a
network based on the eigenvectors of its adjacency matrix. Hierarchical clus-
tering involves recursively partitioning a network into smaller and smaller
communities until a desired level of granularity is achieved.Effectively discov-
ering the community structure in complex networks helps to understand the
structural characteristics of the entire network and supports many data anal-
ysis applications based on complex networks, such as user point-of-interest
recommendation[5] and telecommunications fraud gang discovery[6].

Community detection can provide insights into the structure and function
of complex networks, and can help to identify important nodes and edges in a
network. It can also be used to compare the community structure of different
networks, and to study the evolution of communities over time.

In the past few decades, various community detection methods have
emerged, including methods based on graph partitioning[7, 8], methods based
on spectral clustering[9], methods based on modularity optimization[10], meth-
ods based on The technique of label propagation[11, 12] and the way based on
deep learning[13]. It is worth pointing out that non-negative matrix factoriza-
tion (NMF) is also widely used in community discovery due to its simplicity,
easy scalability, and strong interpretability[14]. At present, many commu-
nity discovery methods based on NMF have been proposed, for example, the
community method based on naive non-negative matrix factorization[15], the
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community discovery method SNMF based on symmetric NMF[16], the com-
munity discovery method SNMF-SS[17] based on semi-supervised NMF, NMF
community discovery method based on node similarity and modularity M-
NMF[18] and so on. Although the existing NMF-based community detection
methods have achieved different degrees of performance improvement because
NMF is essentially a linear model, these methods are still linear, and their
expressive ability is weak. As a result, complex networks often fail to achieve
satisfactory community discovery performance.

In recent years, deep neural networks (such as convolutional neural net-
works) have been widely used in natural language processing and computer
vision due to their powerful nonlinear feature learning capabilities[19]. How-
ever, traditional deep neural networks can only be applied to data in Euclidean
space, such as images, speech, and text data. Still, they cannot be effectively
used for more common graph data because graphs are a typical non-Euclidean
spatial data structure. A graph neural network[20] was proposed to extend
the neural network model to the graph data processing to solve this problem.
The graph neural network is developing rapidly and has produced many vari-
ants. Among them, the graph convolutional network GCN[21] has attracted
much attention because it has the advantages of traditional convolutional net-
works and can be applied to graph data. Existing research shows that GCN
is more suitable for processing graph data than conventional deep neural net-
works (including convolutional networks) and has a strong ability to learn
nonlinear features of graph data[22]. Since complex networks can be naturally
modelled as graph-structured data, the application of GCN can be expected
to improve the performance of various complex network analysis tasks, includ-
ing the community discovery that this paper focuses on. Based on the above
analysis, this paper proposes to apply GCN to enhance the performance of the
NMF community discovery method. The main work includes:

(1) A nonlinear NMF community discovery method NMFGCN is designed.
By combining the respective advantages of NMF and GCN, this method
enables it to have both nonlinear feature learning and community discov-
ery capabilities of complex networks. (2) By designing the joint optimization
framework of NMF and GCN, a standard training loss function is proposed,
which makes full use of community information while considering the net-
work structure so that GCN can learn network node representations that are
more conducive to NMF community discovery results, Thereby promoting
the improvement of community discovery performance. (3) Through a large
number of experiments on artificial synthetic networks and real networks, the
results show that NMFGCN is superior to existing NMF-based community dis-
covery methods and commonly used network representation learning methods:
DeepWalk[23] and LINE[24].
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2 RELATED WORK

2.1 NMF-based community discovery algorithm

NMF-based community discovery algorithm is a method for detecting com-
munities in networks using non-negative matrix factorization (NMF). NMF
is a matrix factorization technique that factorizes a non-negative matrix into
two non-negative matrices, which can be interpreted as basis and coefficient
matrices.

The NMF-based community discovery algorithm starts by representing the
network as an adjacency matrix A. The adjacency matrix is then factorized
into two non-negative matrices W and H using NMF, such that A ≈ WH.
The columns of matrix W represent the basis vectors, and the rows of matrix
H represent the coefficient vectors.

The algorithm then applies a clustering method, such as k-means or hier-
archical clustering, to the columns of matrix H to group nodes with similar
coefficient vectors into communities. The number of communities can be
determined using methods such as silhouette analysis or the elbow method.

One advantage of NMF-based community discovery algorithm is that it can
handle weighted and directed networks, as well as overlapping communities. It
also allows for easy interpretation of the results, as the basis vectors represent
the characteristic patterns of edges within communities.

However, one limitation of this method is that the choice of the number
of communities can have a significant impact on the results, and there is no
objective criterion for selecting the optimal number of communities. Addition-
ally, NMF-based community detection may be computationally expensive for
large networks.

NMF is a classic low-rank matrix factorization model[25]. Formally, given
a matrix X ∈ Rn∗m

+ , NMF can decompose X into two low-rank non-negative
matrices U ∈ Rn∗k

+ and H ∈ Rk∗m
+ the approximate product X ≈ UH, where

U is the base matrix, H is the coefficient matrix, k ≪ min(n,m). To make
UH as close as possible to X, an objective function is needed to measure the
error between X and UH and minimize the error during the iterative update
solution. Usually the Frobenius norm can be used as the objective function,
which is defined as follows:

∥X − UH∥2F =

√√√√ n∑
i=1

m∑
j=1

(Xij − [UH]ij)
2
(1)

NMF has been proven to have an approximate equivalence relationship with
K-means and spectral clustering models[26], so NMF has good data clustering
capabilities. In addition, community discovery is essentially a node cluster-
ing problem, so NMF is also suitable for community discovery. At present,
there are many community discovery methods based on NMF, mainly by
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extending the basic NMF model to solve the community discovery prob-
lem of various complex networks, for example, community discovery method
SNMF based on symmetric NMF[16, 27], community-based on joint NMF The
discovery method S2-jNMF[28], the semi-supervised NMF-based community
method SPOCD[29], SMpC[30] and the deep NMF-based community method
DANMF[31], etc. Although these methods have achieved specific performance
improvements to varying degrees, since NMF is essentially a linear model,
these methods are still linear and do not have nonlinear expression capabilities.
Moreover, they are found in complex network communities containing many
nonlinear features. Therefore, there is still room for further improvement.

2.2 Graph Convolutional Networks

Graph Convolutional Networks (GCNs) are a type of neural network architec-
ture designed to operate on graph data. GCNs are inspired by convolutional
neural networks (CNNs), which are widely used in computer vision tasks.
However, while CNNs operate on grid-like data such as images, GCNs
are designed to operate on graph-structured data such as social networks,
biological networks, and knowledge graphs.

GCNs use a message-passing scheme to aggregate information from neigh-
boring nodes in a graph. The nodes in a graph are represented as a matrix,
where each row corresponds to a node and the columns correspond to the
node’s features. The adjacency matrix of the graph is used to define the
relationships between the nodes.

In each layer of a GCN, a node’s representation is updated by aggregating
information from its neighboring nodes. This is done by computing a weighted
sum of the features of the neighboring nodes, where the weights are deter-
mined by the adjacency matrix. The resulting aggregated features are then
transformed using a neural network layer, such as a fully connected layer or a
convolutional layer, before being passed on to the next layer.

GCNs can be used for a variety of tasks, such as node classification, link
prediction, and community detection. They have been shown to be effective in
capturing the complex dependencies between nodes in graphs and achieving
state-of-the-art performance on various graph-related tasks.

One limitation of GCNs is that they can be computationally expensive for
large graphs. Additionally, GCNs may struggle with graph data that is highly
irregular or contains many isolated nodes. However, there are ongoing efforts to
develop more efficient and scalable GCN variants to address these limitations.

However, convolution operations of convolutional neural networks can only
be defined on Euclidean spatial data, such as images, texts, and sequences.
Still, they cannot be determined on graphs that belong to non-Euclidean
spatial data structures. To extend the convolution operation to graph data,
Bruna et al. proposed the spectral domain graph convolution network Spectral
GCN[32]. Spectral GCN exploits the convolution theorem[33] by comput-
ing the eigendecomposition of the Laplacian matrix of the graph, defining
the convolution operation in the Fourier domain. However, Spectral GCN
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has a high time complexity due to the need to calculate the eigenvalues
of the graph Laplacian matrix. To improve the computational efficiency of
Spectral GCN, literature[34] proposed the Chebyshev network ChebyNet.
ChebyNet uses Chebyshev expansion to approximate convolution operation,
which significantly improves the efficiency of the graph convolution operation.

Literature[21] further simplified the Chebyshev network to the first order
and proposed a graph convolutional network GCN. The core idea of GCN is
that a node defines a convolution operation by aggregating the representations
of its neighbour nodes and nodes to obtain the expression of its nodes. Due
to its simplicity and effectiveness, GCN has become the basic model of the
current graph convolutional network.

The convolutional graph network is a semi-supervised method, which usu-
ally needs to know the label information of some nodes to train the network
parameters. However, most real-world networks are without label information,
so traditional graph convolutions cannot be directly used to handle community
discovery tasks. Graph auto-encoder (graph auto-encoder, GAE)[35] is a vari-
ant of GCN. GAE does not need the label information of nodes to supervise the
training network parameters. Its core idea is to learn the low-dimensional rep-
resentation of nodes through graph convolution. Reconstruct the network and
make the reconstructed network close to the original network during the train-
ing process. GAE is an unsupervised network representation learning method
that can be applied to complex network tasks without accurate labels. For
this reason, this paper proposes a community discovery method that combines
graph convolution auto encoders with NMF.

3 Nonlinear community discovery methods
NMFGCN

3.1 Problem Definition

Without loss of generality, a given complex network containing n nodes can
be modeled as an undirected graph G = (V,E), where the node set is V =
{v1, v2, . . . , vn}, undirected. The edge set is E = {eji | vi ∈ V, vi ∈ V}. The
adjacency matrix A corresponding to G is a binary matrix.

Aij =

{
0, eij /∈ ε

1, eij ∈ ε
(2)

Each node in G has a d-dimensional eigenvector x ∈ R1×d, and the eigen-
vectors of nodes in G constitute the node feature matrix X ∈ Rn×d. Let k
be the number of communities in the network, C = {c1, c2, . . . , ck} repre-
sents the community division of G, where ci is the set of nodes belonging to
the i-th community, for example, c2 = {1, 2, 5} represents the nodes belong-
ing to the i-th community The nodes of the 2 districts are v1, v2, and v5.
Based on the above definitions, the problem this paper is dedicated to solving
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is: for a given G = (V,E), design a nonlinear unsupervised community dis-
covery method NMFGCN, and leam the community member representation
matrix U ∈ Rn∗k

+ , 0 ≤ uij ≤ 1, thus predicting the community partition C of a
given network to improve the performance of NMF-based community discov-
ery methods. Among them, the i-th row Ui of U is the probability that node i
belongs to k different communities, and

∑
j=1 uij = 1. Specifically, u4,2 = 0.6

means that the probability that node 4 belongs to community c2 is 0.6

3.2 NMFGCN Community Discovery Model

The model framework of NMFGCN is shown in Figure 1. It mainly includes two
modules: GCN Module and NMF Module. GCN takes the adjacency matrix
A, the feature matrix X of the node as input, and the output node represents
Z ∈ Rn∗m

+ , where m is the dimen sion of the GCN output layer. On the
other hand, NMF takes β node representation Z as input and outputs a node
community member representation matrix U. The specific realization of each
module is introduced below.
(1) GCNModule. The input of the GCNModule is the adjacency matrix A and
the feature matrix X of the node, and its goal is to leam the low-dimensional
representation matrix Z of the node. Considering the GCN of layer L, for layers
1 to L - 1, the hidden layer representation of nodes is calculated as follows:

H1+1 = σ
(
D−1/2AD−1/2H1 W1

)
(3)

H1 is the node representation of layer 1 (specifically, H1 = X ). W1 is the
leamable weight matrix of layer 1, A = A + I, and I is the identity matrix.
Matrix D is a diagonal matrix, the degree matrix of nodes, Dii =

∑
j Aij−σ is

a nonlinear activation function, which can be a commonly used ReLU. For the
last layer, use sigmoid as the activation function to get the final representation
Z of the nodes:

Z = sigmoid
(
D−1/2AD−1/2H(L−1)W(L−1)

)
(4)

After the node representation Z is leamed through graph convolution, make
an inner product with ZT to reconstruct the adjacency matrix:

A′ = ZZT(5)

The probability of reconstructing the adjacency matrix A′
ij = 1 is:

p
(
A′

ij = 1
)
= sigmoid

(
ZiZ

T
i

)
(6)

Correspondingly, there are:

p
(
A′

ij = 0
)
= 1− sigmoid

(
ZiZ

T
j

)
(7)
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Fig. 1 NMFGCN model framework.

The purpose of reconstructing the adjacency matrix is to make A’ approximate
to A so that the low-dimensional dense matrix Z can represent the infomation
of the graph. To this end, it is necessary to use a loss function to measure the
error between A and A′ and to make A′ approximate to A by minimizing the
error. This article uses cross entropy as the loss function:

LGCN = − 1

n2

∑
i,j

(
Aij log p

(
A′

ij = 1
)
+ (1−Aij) log p

(
A′

ij = 0
))

(8)

(2) NMF Module. To get the commumity membership representation matrix U
of a node. First, two low-rank matrices U ∈ Rn∗k

+ and V ∈ Rk∗m
+ are randomly

initialized, where k is the rmmber of commumities, and NMF updates U and
V in the iterative process and finally makes Z approximate to UV. To this end,
it is necessary to use a loss function to measure the error between Z and UV
and minimize the error. This article chooses to use the Frobenius norm:

minLNMF (Z∥UV ) = min

(
1

2
∥Z − UV F ˆ2–s.t.˝U ≥ 0, V ≥ 0(9)
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Using the gradient descent algorithm can get:

uik ← uik − µik
∂LNMF

∂uik
(10)

vkj ← vkj − ηkj
∂LNMF

∂vkj
(11)

In:
∂LNMF

∂uik
= −

[
(Z − UV )V T

]
ik
(12)

∂LNMF

∂vkj
= −

[
UT (Z − UV )

]
kj

(13)

Let µik = uik

[UV V T ]ik
, ηkj =

vkj

[UTUV ]kj
, then:

uik ← uik

[
ZV T

]
ik

[UV V T ]ik
(14)

vkj ← vkj

[
UTZ

]
kj

[UTUV ]kj
(15)

Iteratively update U and V respectively using Equation (14) and Equation
(15) until LNMF converges, then U is the node’s community member represen-
tation matrix, and uij ∈ U is the probability that node i belongs to community
cj. Algorithm 1 describes the process of obtaining the community member
representation matrix U through the node representation Z as follows: Algo-
rithm 1NMF obtains community member representation algorithm Input: node
representation matrix Z ∈ Rn∗m

+ , the maximum number of iterations epoch,
number of network communities k

Output: node community representation matrix U and community feature
representation matrix V 1. Randomly initialize the non-negative matrices U ∈
Rn∗k

+ and V ∈ Rk∗m
+ 2. while e < epoch do 3. LNMF = 0.5 × Z − UV 2

F ; 4. if
LNMF converges do 5. End the iteration early; 6. end if 7. Update U through
formula (14); 8. Update V through Equation (15); 9. e← e + 1 10. end while
11. return U,V;

3.3 Loss function construction and optimization

(1) Loss function. The problem dealt with in this paper is unsupervised
community discovery. The node representation obtained by training graph con-
volution using only LGCN as a loss function cannot be used as a community
representative. Therefore, this paper adopts the common training method of
LGCN and LNMF :

L = LGCN + λ× LNMF(16)

Among them, λ is a coefficient used to weigh the size of LGCN and LNMF, which
is 1 by default. By minimizing L, it can be expected that GCN can leam a node
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representation Z that is more conducive to NMF to obtain better community
division results. (2) Optimal solution. To optimize the resolution of the L
function, it is necessary to iteratively update the GCN network parameters

W ∈ Rhl
out∗h

l
in and the NMF decomposition factor matrices U and V, where

hl
out and hl

in are the output feature dimension and input feature dimension
of the 1-th layer convolution, respectively. This paper uses a two-layer GCN.
The input and output feature dimensions of the first layer of convolution are
the dimension of the initial feature X of the node and 256, while the input and
output feature dimensions of the second layer of convolution are 256 and 128
, respectively. For W, update using stochastic gradient descent:

W l = W l − γ
∂L

∂W l
(17)

Among them, W1 represents the parameter matrix of the first layer of GCN, γ
is the leaming rate, and ∂L/∂W is the gradient. For U and V, the correspond-
ing iterative update rules use formulas (14) and (15), respectively.

In the iterative optimization solution process, the update of GCN can be
controlled by setting the number of extemal iterations, and the update of
NMF can be held by selecting the number of intemal iterations. When the L
function converges or exceeds the outer iterations, the iteration is stopped,
and the node community member representation matrix U is obtained. The
i-th row Ui of matrix U is the community representation of node i. Uij is
the probability that node i belongs to community cj . Take the subscript j
corresponding to the maximum value in Ui, then cj is the community to
which node i belongs. According to this idea, the design of the NMFGCN
community discovery algorithm is shown in Algorithm 2.
Algorithm 2 NMFGCN community discovery algorithm
Input: adjacency matrix A, feature matrix X, number of communities k,
number of iterations epoch, loss trade-off coefficient λ
Output: community division result C
1. while e < epoch do
2. Obtain the node representation Z through the GCN Module;
3. A′ ← ZZT; // Reconstruct the adjacency matrix
4. Calculate LCGN through formula (8);
5. Obtain U and V through Algorithm 1;
6. Calculate LNMF through formula (9);
7. L← LCGN + λLNMF;
8. for 1← 1 to L;
9. W l = W l − γ ∂L

∂W l

10. end for
11. e← e + 1
12. end while
13. for i← 1 to n
14. j ← argmaxj (Uij);
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15. ci ← cj ∪ {vi}
16. end for
17. retum C;

3.4 Time Complexity Analysis

Analyzing Algorithm 1 and Algorithm 2, it is easy to conclude that NMFGCN
has two core steps: the first step is to optimize the convolutional graph network
and NMF iteratively, and the second step is to obtain the community division
result C from the community member representation matrix U. According
to Algorithm 2, the time complexity of the second step is O (nk), and the
following mainly analyzes the time complexity of the first step.l
In the specific implementation, a 2-layer GCN is used. For simplicity, the
dimensions of each layer of GCN output are denoted by m. Assuming that the
number of nodes in the network is n, the number of edges is –E˝, the number
of communities is k, the feature dimension of nodes is d, and the number of
model iterations is T . The number of iterations inside NMF is t. The adjacency
matrix A is stored in a sparse matrix; GCN The time complexity can be
expressed as O(mdϵ). The time for iterative optimization of NMF is mainly
spent on updating the community member matrix U and community feature
matrix V in equations (14) and (15), and its time complexity is O(tnmk).
So the total time complexity of model training is O( T(mdϵ + tnmk)) where
k ≪ m,m ≪ d. Due to the complex relationship of most real networks, the
connections between nodes are relatively dense, and the number n of network
nodes is usually much smaller than the number of edges ϵ. Therefore, the time
complexity of NMFGCN mainly depends on the edge number ϵ of the network.

4 Experimental analysis

To verify the effectiveness of NMFGCN, this paper conducts a comparative
analysis with several representative methods on artificial synthetic and real
networks. The experimental hardware platform is Intel Core i7-9700 CPU, the
central frequency is 2.4 GHz, the memory is 32 GB, and the operating system
is Windows 10. All comparison methods are implemented using Python 3.7.

4.1 Comparison Method

In this paper, several NMF-based community discovery methods are selected
for comparison. In addition, the currently widely used network representation
learning-based community discovery methods DeepWalk and LINE, are chosen
for comparison. All these comparison methods are briefly introduced as follows:

1. NMF[15]: This method uses the basic NMF model to directly decompose
the adjacency matrix A to obtain the matrices U and V,A-U V 2

F , where U
represents the matrix as a community member.
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2. SNMF[16]: SNMF is based on a symmetric non-negative matrix factoriza-
tion model (symmetrical NMF, SNMF): A-HHˆT2

F ′ , where H can directly
represent the membership strength of community members.

3. M-NMF[18]: M-NMF is a modularity-based NMF community detection
model, which integrates the network’s community structure into the net-
work embedding, and jointly optimizes the community detection model
based on a non-negative community detection model.

4. ONMF[36]: ONMF is based on the orthogonal non-negative matrix fac-
torization model (orthogonal NMF, ONMF). The basic idea is to impose
an orthogonal constraint on W based on the NMF model A-W H2

F so that
WTW = I.

5. HPNMF[37]: HPNMF is based on a graph regularization NMF model,
which can integrate network topology and node homogeneity information
for community discovery.

6. NSED[38]: NSED is based on the joint NMF model, which includes an
encoder and a decoder, and the community member representation matrix
can be obtained through the encoder.

7. DeepWalk[23]: DeepWalk is a classic network representation learning
method. The core idea of this method is to sample in the graph through
the random walk and use the co-occurrence relationship between nodes in
the diagram to learn the low-dimensionality of nodes. express.

8. LINE[24]: LINE is also a network representation learning method, which
obtains low-dimensional representations of network nodes by preserving the
first-order and second-order similarities of nodes.

It should be pointed out that for the NMF-based community discovery
methods, namely NMF, SNMF, ONMF, M-NMF, HPNMF and NSED, the
community discovery results can be obtained directly through the community
member representation matrix, while for the network representation learning-
based methods DeepWalk and LINE, you can use these methods to learn the
low-dimensional picture of nodes first, and then cluster the low-dimensional
phrases through K-means. Finally, the clustering results are used as the final
community discovery results.

4.2 Dataset

The data sets used in the experiment include two parts: an artificial synthetic
network and an entire network. These data sets are introduced as follows.

1. Synthetic Network: This paper uses the LFR benchmark network synthe-
sis tool[39] to generate artificial networks with accurate community labels.
The LFR tool has multiple adjustable parameters (Table 1). This paper
creates various sets of different artificial networks by fixing some parame-
ters and changing the remaining ones. Specifically, by selecting n, k, maxk,
minc, and maxc, mu is changed from 0.1 to 0.3, and a set of 5 networks is
generated with each increase of 0.05. Then by fixing k, maxk, minc, maxc
and mu, the number of nodes n increases from 1 000 to 5 000, rising by 1 000
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Table 1 Adjustable parameters of LFR

Parameter Explain

n Number of network nodes
k The average degree of nodes in the network
maxk The maximum degree of a node in the network
mu Confusion coefficient, the adjustable range is [0,1]
minc The number of nodes contained in the smallest community in the network
maxc The number of nodes contained in the largest community in the network

Table 2 Parameter settings of artificial synthesis network

Parameter First Group Second Group

n 3000 1000∼5000
k 4 4
maxk 15 15
minc 50 n/20
maxc 100 n/40
mu 0.1∼0.3 0.2

Table 3 Real Network parameters

Data Set Number of Nodes Number of Sides Feature Dimension Number of Communities

WebKB 877 1399 1703 4
Cora 2708 5429 1433 7
Citeseer 3327 4732 3703 6
Pubmed 19717 44338 500 3

each time to generate another group of 5 networks. The specific parameter
settings of the two groups of networks are shown in Table 2.

2. Real Network: This paper selects 4 real network datasets, namely
WebKB, Cora, Citeseer and Pubmed[40]. The specific parameters of the
entire data set are shown in Table 3. The above four datasets can be
downloaded at https://linqs.soe.ucsc.edu/data.

Considering that most of the comparison methods are unsupervised com-
munity discovery methods for non-attribute networks, for the sake of fairness,
the input feature X of MFGCN is obtained by decomposing the adjacency
matrix A using NMF when comparing with the comparison methods in real
networks and artificial networks.

4.3 Evaluation criteria and parameter settings

To evaluate the performance of community discovery results, this paper uses
four currently commonly used evaluation criteria: mutual information (nor-
malized mutual information, NMI), adjusted rand index (adjusted rand index,
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ARI), accuracy (accuracy, ACC) and modularity Q, the specific definitions
of these evaluation criteria can refer to[41] about community discovery per-
formance evaluation an overview of pricing principles. This paper uses NMI,
ARI, ACC and modularity Q for artificial synthetic networks to evaluate the
results. Since there is no community division label for the entire network, this
paper uses the modularity Q for the result evaluation. For all evaluation cri-
teria, larger values indicate better performance and vice versa.
For a fair comparison, the parameters of all comparison methods in the exper-
iment refer to their default values in the original text. Expressly, for M-NMF,
set its regularization parameter α = 1, β =5; for HPNMF, set its regulariza-
tion parameter λ = 1; for DeepWalk, set the window size ω = 10, the number
of iterations γ = 80, walk length = 40, feature dimension d = 128; for LINE,
retain the second-order similarity, set the number of negative samples k = 5,
feature dimension d = 128; For NMFGCN, set the loss trade-off factor λ = 1.
The GCN Module uses a 2-layer graph convolution, and the output dimen-
sions of the first and second layers are set to 256 and 128 , respectively. In
addition, each method was run ten times in the experiment, and the average
value of each evaluation index was taken for evaluation.

4.4 Experimental results and analysis of synthetic
network

The comparative study was carried out on the two sets of artificially synthe-
sized network datasets shown in Table 2. The experimental results of the first
set of networks are shown in Table 4

It can be seen from Table 4 that with the increase of the confusion coef-
ficient mu, the community structure of the network becomes less and less
clear, and the difficulty of community detection increases continuously. The
performance of each method has a relatively apparent downward trend, but
NMFGCN outperforms other models on each network. For example, when
mu = 0.1, compared with SNMF, the best-performing community detection
algorithm based on NMF, the ACC, NMI, ARI and modularity Q of NMFGCN
are improved by 7.7%, 3.1%, 8.2%, and 2.4%, respectively. Compared with
LINE, the best community discovery algorithm based on graph representation
learning, NMFGCN’s ACC, NMI, ARI, and modularity Q have increased by
4.6%, 1.7%, 7.1%, and 1.3%, respectively. NMFGCN has different degrees of
improvement in the four evaluation indicators on different data sets. The exper-
imental results on the second set of artificial networks are shown in Figure 2,
from which it can also be seen that NMFGCN achieves the best performance
in all networks with different nodes.

The experimental results on artificial synthetic networks show that
NMFGCN performs better than existing NMF-based community discovery
methods. The assumption that GCN enhances the performance of NMF
community discovery has been preliminarily verified.
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Table 4 Performance comparison of synthetic networks with different confusion
coefficients mu

mu Para- NMF SNMF M- ONMF HP- NSED Deep LINE NMF
meter NMF NMF Walk GCN

0.1000

ACC 0.8578 0.8680 0.5610 0.8405 0.8262 0.5029 0.7252 0.8945 0.9353
NMI 0.8782 0.8813 0.6538 0.8680 0.8680 0.6334 0.7120 0.8935 0.9088
ARI 0.7823 0.7874 0.3917 0.7609 0.7517 0.3662 0.5467 0.7956 0.8527
Q 0.8813 0.9027 0.8048 0.8956 0.8945 0.7109 0.7844 0.9119 0.9241
Factor

0.1500

ACC 0.8191 0.7976 0.4753 0.8058 0.7721 0.3774 0.6610 0.8670 0.8905
NMI 0.8170 0.8038 0.5702 0.8089 0.7946 0.5080 0.6477 0.8537 0.8609
ARI 0.6916 0.6742 0.3060 0.6814 0.6487 0.2173 0.4692 0.7497 0.7711
Q 0.8537 0.8568 0.7650 0.8588 0.8507 0.6365 0.7395 0.8690 0.8772
Factor

0.2000

ACC 0.7446 0.7283 0.3886 0.7171 0.6997 0.3376 0.3835 0.8058 0.8109
NMI 0.7426 0.7354 0.4937 0.7283 0.7252 0.4631 0.4080 0.7691 0.7834
ARI 0.5926 0.5783 0.2060 0.5661 0.5559 0.1918 0.1969 0.6691 0.6752
Q 0.7976 0.8150 0.7222 0.8119 0.8089 0.6232 0.5641 0.8119 0.8323
Factor

0.2500

ACC 0.6650 0.6620 0.3254 0.6344 0.6293 0.3223 0.3580 0.7283 0.7334
NMI 0.6589 0.6661 0.4213 0.6497 0.6457 0.4090 0.3907 0.6854 0.7028
ARI 0.4886 0.4886 0.1550 0.4621 0.4539 0.1448 0.1765 0.5620 0.5671
Q 0.7742 0.7844 0.6956 0.7772 0.7742 0.6049 0.5865 0.7925 0.7997
Factor

0.3000

ACC 0.5202 0.5222 0.1469 0.5324 0.5437 0.2305 0.1601 0.5916 0.6324
NMI 0.4610 0.5131 0.2407 0.5151 0.5488 0.3427 0.2009 0.5671 0.5865
ARI 0.3244 0.3193 0.0388 0.3407 0.3427 0.0969 0.0377 0.3509 0.3958
Q 0.7385 0.7517 0.5916 0.7466 0.7436 0.5885 0.4172 0.7303 0.7538
Factor

4.5 Real network experiment results and analysis

To further verify the effectiveness of NMFGCN, a comparative analysis was
carried out on four real networks, and the experimental results are shown in
Table 5. It can be seen that the results of NMFGCN on each whole network are
better than each comparison method. For example, on WebKB, Cora, Citeseer,
and Pubmed, NMFGCN has improved modularity compared with HPNMF,
the best NMF-based practice.
Compared with the best method, LINE, based on graph representation
learning, the modularity has increased by 58.4%, 19.6%, 6.4%, and 2.4%,
respectively. Real networks are usually more complex than synthetic networks
and contain more nonlinear node features. Models SNMF and LINE that per-
form well on artificial networks perform poorly in three real data sets. At the
same time, NMFGCN is nonlinear. The community discovery model performs
better than other models in both natural and synthetic networks. The above
results further prove that NMFGCN can enhance the representation ability of
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Table 5 Comparison of Real Network Modularity Q

Dataset NMF SNMF M- ONMF HP- NSED Deep LINE NMF
NMF NMF Walk GCN

WebKB 0.5845 0.6436 0.6324 0.6548 0.6977 0.6803 0.6283 0.4641 0.7354
Cora 0.5416 0.5345 0.7171 0.6283 0.7283 0.6987 0.6610 0.6181 0.7395
Citeseer 0.6059 0.6181 0.6416 0.5947 0.6661 0.6028 0.5029 0.6844 0.7283
Pubmed 0.4631 0.4315 0.5161 0.5141 0.5437 0.4009 0.3305 0.5375 0.5508

nonlinear network features by integrating GCN and NMF modules, thereby
improving the performance of NMF community discovery.

4.6 Verification of joint optimization effect of NMFGCN

As mentioned, NMFGCN can get better community segmentation results by
jointly optimizing the NMF and GCN modules. To further verify the com-
bined optimization effect of NMFGCN, the performance of NMFGCN and
GCN+NMF is compared and analyzed.
For GCN+NMF, the node representation Z is first learned through GCN, and
then NMF is used to decompose Z to obtain the community division result.
Since joint training is no longer performed, the loss function of GCN is only the
loss LGCN of reconstructing the adjacency matrix, and the loss LNMF of NMF
decomposition is no longer considered; that is, its loss function is L = LGCN.

In the comparison experiment, the experimental comparison was carried
out in the whole network and the artificial synthetic network (the second group
of data in Table 2). Each network data set was run ten times, and the average
value was taken. The experimental results of the synthetic network are shown
in Figure 3, and the experimental results of the entire network are shown in
Figure 4. It can be seen that the modularity Q of NMFGCN on the four real
datasets is higher than that of GCN + NMF. The reason is that NMFGCN
considers the loss of adjacency matrix reconstruction and the failure of NMF
decomposition while training so that the network’s topology information and
community information can be used simultaneously. As a result, NMF and
GCN can promote each other: GCN can learn The node representation that is
more favourable to NMF, and NMF can also obtain better community division
results. On the synthetic network, as the number of nodes increases, the values
of the four indicators of NMFGCN and GCN+NMF all decrease, but the
performance of NMFGCN is still better than that of GCN+NMF. The above
two sets of experiments fully demonstrate the effectiveness of NMFGCN for
joint optimization.

5 Conclusion

To improve the performance of the NMF-based community discovery method,
this paper proposes a GCN-enhanced nonlinear NMF community discovery
method NMFGCN, which uses the powerful network node nonlinear feature
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(a) Accuracy

(b) NMI

(c) ARI

(d) Modularity
Fig. 2 Performance comparison of synthetic networks with different number of nodes n
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(a) Accuracy

(b) NMI

(c) ARI

(d) Modularity
Fig. 3 Joint optimization comparison of artificial synthetic networks
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Fig. 4 Joint optimization comparison of real networks

learning ability of GCN to improve the performance of NMF community dis-
covery. To verify the effectiveness of NMFGCN, this paper conducts many
comparative experiments on artificial synthetic networks and entire networks.
The results show that NMFGCN is superior to existing NMF-based community
discovery methods and is also ideal for commonly used network representa-
tion learning methods DeepWalk and LINE. It solves the problem that the
existing NMF community discovery method is challenging to deal with the
characteristics of nonlinear network nodes, and the performance of community
discovery is limited because it belongs to the linear model.It should be noted
that, compared with the existing NMF-based community discovery model and
some commonly used graph representation learning methods, NMFGCN has
improved dramatically. However, there are still areas for improvement, specif-
ically in two aspects:(1) The operation efficiency of NMFGCN is not high,
and it takes a long time to train an extensive network. The training time of
NMFGCN is mainly spent on graph convolution layer learning node represen-
tation Z and NMF decomposition Z. The latter can reduce the training time
by reducing the size of the graph convolution layer’s output dimension and the
number of NMF iterations.(2) Since graph convolution is a transductive graph
representation learning method, the model must be retrained when nodes are
added to the network or the topological relationship is changed. To solve this
problem, in the next step, the inductive graph representation learning method
will be considered to learn the node representation Z.
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